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Abstract 

Let S be a nonempty set of vertices of a connected graph G. A collection 
Ti, • • • , Ti of trees in G is said to be internally disjoint trees connecting S if 
E(Ti) n E(Tj) = and V(2i) n V(Tj) = S for any pair of distinct integers 
i,j, where 1 < i,j < r. For an integer k with 2 < k < n, the generalized k- 
connectivity k^{G) of G is the greatest positive integer r such that G contains 
at least r internally disjoint trees connecting S for any set S of k vertices of 
G. Obviously, K2^G) is the connectivity of G. In this paper, sharp upper and 
lower bounds of K3(G) are given for a connected graph G of order n, that is, 
1 < Ks(G) < n — 2. Graphs of order n such that k$(G) = n — 2, n — 3 are 
characterized, respectively. 

Keywords: connectivity, internally disjoint trees, generalized connectivity. 
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1 Introduction 

All graphs in this paper are undirected, finite and simple. We refer to book [1] 
for graph theoretical notation and terminology not described here. 

The generalized connectivity of a graph G, which was introduced by Chartrand 
et al. in [2], is a natural and nice generalization of the concept of connectivity. A 
tree T is called an S-tree if S C V(T), where S G V(G). A collection T 1; ■ • • ,7} of 
trees in G is said to be internally disjoint trees connecting S if E(Ti)C\E{Tj) = and 
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V{Tj) fl V(Tj) = S for any pair of distinct integers where 1 < i, j < r. For an 
integer k with 2 < k < n, the generalized k- connectivity Hk{G) of G is the greatest 
positive integer r such that G contains at least r internally disjoint trees connecting 
S for any set S of k vertices of G. Obviously, k,2{G) is the connectivity of G. By 
convention, for a connected graph with less than k vertices, we set Kk(G) = 1; for a 
disconnected graph G, we set n k (G) = 0. 

In addition to being natural combinatorial measures, the generalized connectiv- 
ity can be motivated by their interesting interpretation in practice. For example, 
suppose that G represents a network. If one considers to connect a pair of vertices of 
G, then a path is used to connect them. However, if one wants to connect a set S of 
vertices of G with |5*| > 3, then a tree has to be used to connect them. This kind of 
tree with minimum order for connecting a set of vertices is usually called a Steiner 
tree, and popularly used in the physical design of VLSI, see [TO]. Usually, one wants 
to consider how tough a network can be, for the connection of a set of vertices. 
Then, the number of totally independent ways to connect them is a measure for this 
purpose. The generalized /c-connectivity can serve for measuring the capability of a 
network G to connect any k vertices in G. 

There have appeared many results on the generalized connectivity, see [2j [3j [9j 
IH El El [71 [8] . Chartrand et al. in [3] obtained the following result in the generalized 
connectivity. 

Lemma 1. J2J/ For every two integers n and k with 2 < k < n, 

K k (K n )=n-\k/2\. 

The following result is given by Li et al. in [7J, which will be used later. 

Lemma 2. |7|/ For any connected graph G, k^{G) < n(G). Moreover, the upper 
bound is sharp. 

In Section 2, sharp upper and lower bounds of k^(G) are given for a connected 
graph G of order n, that is, 1 < k,3(G) < n — 2. Moreover, graphs of order n such 
that his(G) = n — 2, n — 3 are characterized, respectively. 

2 Graphs with 3-connectivity n — 2, n — 3 

For a graph G, let V(G), E{G) be the set of vertices, the set of edges, respectively, 
and \G\ and the order, the size of G, respectively. If S is a subset of vertices 
of a graph G, the subgraph of G induced by S is denoted by G[S}. If M is a subset 
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of edges of G, the subgraph of G induced by M is denoted by G[M]. As usual, 
the union of two graphs G and H is the graph, denoted by G U H, with vertex set 
V(G) UV(H) and edge set E(G) UE(H). Let mH be the disjoint union of m copies 
of a graph H. For U C V(G), we denote G\U the subgraph by deleting the vertices 
of U along with the incident edges from G. Let da(v), simply denoted by d(v), be 
the degree of a vertex v, and let Ng{v) be the neighborhood set of v in G. A subset 
M of E(G) is called a matching in G if its elements are such edges that no two 
of them are adjacent in G. A matching M saturates a vertex v, or v is said to be 
M-saturated, if some edge of M is incident with v; otherwise, v is M -unsaturated. 
M is a maximum matching if G has no matching M' with |M'| > |M|. 

Observation 1. If G is a graph obtained from the complete graph K n by deleting 
an edge set M and A(K n [M]) > 3, then k 3 (G) < n - 4. 

The observation above indicates that if k${G) > n — 3, then each component of 
if n [M] must be a path or a cycle. 

After the preparation above, we start to give our main results of this paper. At 
first, we give the bounds of k^{G). 

Proposition 1. For a connected graph G of order n {n > 3), 1 < n-s(G) < n — 2. 
Moreover, the upper and lower bounds are sharp. 

Proof. It is easy to see that ^(G) < n 3 (K n ). From this together with Lemma 1, we 
have Ks(G) < n — 2. Since G is connected, k$(G) > 1. The result holds. 

It is easy to check that the complete graph K n attains the upper bound and the 
complete bipartite graph K l ri _\ attains the lower bound. □ 

Theorem 1. For a connected graph G of order n, k^{G) = n — 2 if and only if 
G = K n orG = K n \e. 

Proof. Necessity If G = K n , then we have k^G) = n — 2 by Lemma 1. If G = K n \e, 
it follows by Proposition 1 that Ks(G) < n — 2. We will show that Ks(G) > n — 2. It 
suffices to show that for any S C V(G) such that \S\ =2, there exist n — 2 internally 
disjoint S'-trees in G. 

Let e = uv, and W = G \ {u, v} = {w\,W2, ■ ■ ■ ,w n -2}- Clearly, G[W] is a 
complete graph of order n — 2. 

If fl S\ = 1 (See Figure 1 (a)), without loss of generality, let S = 

{u,wi,W2}. The trees Tj = WiU U WiW\ U WiW2 together with T\ = uui\ U W\W2, 
T 2 = UW2 U vw 2 U vwi form n — 2 pairwise internally disjoint S'-trees, where i = 
2,-- - ,n-2. 
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(a) (b) (c) 

Figure 1 The edges of a tree are by the same type of lines. 



If |{«,w}riiS'| = 2(See Figure 1 (6)), without loss of generality, let S = {u,v,wi}. 
The trees 7] = WiU U WiV U WiW± together with T\ = uw\ U w\v form n — 2 pairwise 
internally disjoint S-trees, where i = 2, • • ■ , n — 2. 

Otherwise, suppose S C W (See Figure 1 (c)). Without loss of generality, let 
S = {wi, W2, W3}. The trees Tj = WiW\ U Wi?/^ U WiW^ii = 4, 5, • • • , n — 2) together 
with 7\ = w 2 Wi U u> 2 u>3 and T 2 = uui\ U ™ 2 U uw 3 and T 3 = vui\ U tw 2 U fw 3 form 
n — 2 pairwise internally disjoint S-trees. 

From the arguments above , we conclude that n 3 (K n \e) > n — 2. From this 
together with Proposition 1, n(K n \ e) = n — 2. 

Sufficiency Next we show that if G 7^ K n ,K n \ e, then /^(G) < n — 3, where 
G is a connected graph. Let G be the graph obtained from K n by deleting two 
edges. It suffices to prove that k 3 (G) < n — 3. Let G = K n \ {ei,e 2 }, where 
ei,e2 G E(K n ). If ei and e 2 has a common vertex and form a P3, denoted by 
^1,^2,^3- Thus dc{v) = n — 3. So k^{G) < 5{G) < n — 3. If ei and e 2 are 
independent edges. Let e\ = xy and e 2 = vw. Let S* = {x,y,v}. We consider the 
internally disjoint S'-trees. It is easy to see that dc(x) = d G (y) = dc{v) = n — 2. 
Furthermore, each edge incident to x (each neighbor adjacent to x) in G belongs to 
an S"-tree so that we can obtain n — 2 S'-trees. The same is true for the vertices y 
and v . Let T be a set of internally disjoint S'-trees that contains as many S'-trees 
as possible and U = N G (x) D N G (y) ft N G (v). There exist at most \U\ = n — 4 
S-tree in T that contain at least one vertex in U. Next we show that there exist one 
S-tree in G \ U . Suppose that there exist two internally disjoint S-trees in G \ U. 
Since G \ U is cycle of order 4, and there exists at most one S-tree in G \ U. So 
k z {G) = |T| <n-3. □ 

Theorem 2. Let G be a connected graph of order n(n > 3). K3{G) = n — 3 
if and only if G is a graph obtained from the complete graph K n by deleting an 
edge set M such that K n [M\ = P 4 or K n [M] = P 3 U P 2 or K n [M] = C 3 U P 2 or 
K n [M] =rP 2 (2<r < LfJ). 

Proof. Sufficiency. Assume that Ks(G) = n — 3. Then \M\ > 2 by Theorem 1 and 
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each component of K n [M] is a path or a cycle by Observation 1. We will show that 
the following claims hold. 

Claim 1. i^ n [M] has at most one component of order larger than 2. 

Suppose, to the contrary, that K n [M] has two components of order larger than 
2, denoted by H\ and H 2 (See Figure 2 (a)). Pick a set S = {x, y, z} such that 
x,y G Hi, z G H 2 , d^iy) = d H2 (z) = 2, and x is adjacent to y in Hi. Since 
^G(y) — n — 1 — d^iy) = n — 3, each edge incident to ?/ (each neighbor adjacent to 
y) in G belongs to an S-tree so that we can obtain n — 3 internally disjoint S-trees. 
The same is true for the vertex z. The same is true for the vertices y and v. Let T 
be a set of internally disjoint S'-trees that contains as many S'-trees as possible and 
U be the vertex set whose elements are adjacent to both of y and z. There exist at 
most \U\ = n — 6 S-trees in T that contain a vertex in U. 

Next we show that there exist at most 2 S-trees in G \ U (See Figure 2 (a)). 
Suppose that there exist 3 internally disjoint S-trees in G \ U. Since da\u{y) = 
d>G\u(z) — 3, yz must be in an S-tree, say T n _ 5 . Then we must use one element of 
the edge set E\ = {zx, v 2 z, v$y, Viy} if we want to reach x in T n _ 5 . Thus rfr n _ 5 (y) = 2 
or dT n _ 5 { z ) — 2, which implies that there exists at most one S-tree except T n _5 in 
G\U . So k 3 (G) = \T\ < n — 4, a contradiction. 



Figure 2 Graphs for Claim 1 and Claim 2 (The dotted lines stand for edges in M). 
Claim 2. If if is a component of K n [M] of order larger than three, then 



Suppose, to the contrary, that if is a path or a cycle of order larger than 4, or 
a cycle of order 4, or if is a path of order 4 and K n [M] has another component. 

If if is a path or a cycle of order larger than 4, we can pick a P 5 in if . Let 
A = vi, v 2 , v 3 , v 4 , w 5 (See Figure 2 (6)) and S = {v 2 , v 3 , w 4 }. Since d H (v 2 ) = d H (v 3 ) = 
diiiyi) = 2, dc(v 2 ) = dciv-s) = dciy^) = n— 3. Furthermore, each edge incident to v 2 
(each neighbor adjacent to v 2 ) in G belongs to an S-tree so that we can obtain n — 3 
S-trees. The same is true for the vertices y and z. Let T be a set of internally disjoint 
S-trees that contains as many S-trees as possible and U = N G (v 2 )nN G (v 3 )nN G (v4). 
There exist at most \U\ = n — 5 S-tree in T that contain at least one vertex 




K n [M] = P 4 . 
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in U. Next we show that there exist at most one S-tree in G \ U (See Figure 
2 (£>)). Suppose that there exist two internally disjoint S-trees in G \ U. Since 
dc\u( v 2) = do\ij( v 4) — 2, t>2^4 must be in an S-tree, say T n _ 5 . Then we must use 
one element of {v i, v$} if we want to reach v 3 in T n _5. This implies that there exists 
at most one S-tree except T n _ 5 in G \ U. So n 3 (G) = |T| < n — 4, a contradiction. 

If if is a cycle of order 4, let H = v\, v 2 , v 3 , w 4 (See Figure 2 (c)), and S = 
{vi,v 2 ,v 3 }. Since d H (vi) = d H (v 2 ) = d H (v 3 ) = 2, d G {v-s) = d G (v 2 ) = d G (v 3 ) = 
n — 3. Furthermore, each edge incident to V\ in G belongs to an S'-tree so that we 
can obtain n — 3 S-trees. The same is true for the vertices v 2 and v 3 . Let T be 
a set of internally disjoint S-trees that contains as many S-trees as possible and 
U = Ng(v 2 ) PI ^^(^3) n Nc(v^). There exist at most \U\ = n — 4 S-trees in T that 
contain at least one vertex in U. It is obvious that G \ U is disconnected, and we will 
show that there exists no S'-tree in G\U(See Figure 2 (c)). So k 3 (G) = |T| < n — 4, 
a contradiction. . 

Otherwise, is a path order 4 and i^ n [M] has another component. By Claim 
1, the component must be an edge, denoted by P 2 = u x u 2 . Let H = P 4 = 
^17^2,^3,^4(866 Figure 3 (a)) and S = {v 2 ,v 3 ,ui}. Since dn(v 2 ) = dniv-s) = 2, 
we have dc(v 2 ) = dciv-s) = n — 3. Furthermore, each edge incident to v 2 (each 
neighbor adjacent to v 2 ) in G belongs to an S-tree so that we can obtain n — 3 
S-trees. The same is true for the vertex u 3 . Let T be a set of internally disjoint 
S-trees that contains as many S-trees as possible and U be the vertex set whose 
elements are adjacent to both of v 2 , v 3 and u\. There exist at most \U\ = n — 6 
S-trees in T that contain at least one vertex in U. Next we show that there exist 
at most two S-trees in G \ U . Suppose that there exist 3 internally disjoint S-trees 
in G \ U. Since dc\u( v 2) = ^G\t/( w 3) — 3, each edge incident to v 2 (each neighbor 
adjacent to v 2 ) in G belongs to an S-tree so that we can obtain 3 S-trees. The same 
is true for the vertex v 3 . This implies that v 2 u 2 belongs to an S-trees, denoted by 
Ti, and v 3 u 2 belongs to an S-trees, denoted by T 2 . Clearly, T\ = T 2 . Otherwise, 
u 2 G T\ n T 2 , which contradicts to that T\ and T 2 are internally disjoint S-trees. 
Then v 2 u 2 , v 3 u 2 e E{Ti). If we want to form Ti, we need the vertex v\ or v^. With- 
out loss of generality, let v\ e V(T\). It is easy to see that there exists exactly one 
S-tree except Ti in G \ U (See Figure 3 (6)), which implies that n 3 {G) < n — 4. So 
n 3 (G) = \T\ < n — 4, a contradiction. 

Claim 3. If H is a component of if n [AT] of order 3, then K n [M] = C 3 U P 2 or 
K n [M}=P 3 UP 2 . 

By the similar arguments to the claims above, we can deduce the claim. 

From the arguments above, we can conclude that G is a graph obtained from the 
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complete graph K n by deleting an edge set M such that K n [M] = P 4 or -fT n [M] = 
P 3 U P 2 or K n [M\ = C 3 UP 2 or K n [M] = rP 2 {2 < r < [fj). 

Necessity. We show that k 3 (G) > n— 3 if G is a graph obtained from the complete 
graph K n by deleting an edge set M such that if n [M] = P4 or i^ n [M] = P 3 U P 2 or 
K n [M] = C 3 UP 2 or K n [M] = rP 2 (2 < r < [f J). We consider the following cases: 

Case 1. K n [M] = rP 2 (2 < r < [f J). 

In this case, M is a matching of K n . We only need to prove that k 3 (G) > n — 3 
when M is a maximum matching of K n . Let S" = {x, y, z}. Since IS] = 3, S contains 
at most a pair of adjacent vertices under M. 

If S contains a pair of adjacent vertices under M, denoted by x and y, then the 
trees Tj = «7jX U Wiy U together with T\ = xy U form n — 3 pairwise internally 
disjoint trees connecting S, where {wi, w 2 , • ■ ■ ,w n -4} = V(G) \ {x,y,z,z'} such 
that z' is the adjacent vertex of z under M if z is M-saturated, or z' is any vertex 
in V(G) \ {x, y, z} if z is M-unsaturated. If S contains no pair of adjacent vertices 
under M, then the trees Tj = WiX U Wiy U WiZ together with Ti = yx U U y'^ and 
T 2 = yx' U zx' U and T3 = zy U yz' U z'x form n — 3 pairwise edge-disjoint S- 
trees, where {wi, 1^2, ■ • • , Wn-e} = V(G)\{x, y, z, x', y', z'}, x', y', z' are the adjacent 
vertices of x, y, z under M, respectively, if x, y, z are all M-saturated, or one of 
x', y', z' is any vertex in V(G) \ {x, y, z} if the vertex is M-unsaturated. 

From the arguments above , we know that k{S) > n — 3 for S C V(G). Thus 
K 3{G) > n — 3. From this together with Theorem 1, we know k 3 (G) = n — 3. 

Case 2. K n [M] =C 3 UP 2 or K n [M] = P 3 U P 2 . 

If k 3 (G) > n-3 for K n [M] = C 3 UP 2 , then k 3 (G) > n-3 for K n [M] = P 3 UP 2 . So 
we only consider the former. Let C 3 = v 1, v 2 , v 3 and P 2 = U\u 2 , and let S = {x, y, z} 
be a 3-set of G. If S = V(C 3 ), then there exist n — 3 pairwise internally disjoint 
S'-trees since each vertex in S is adjacent to each vertex in G\S. Suppose S 7^ V(C 3 ). 

If \S fl V(C3)| = 2, without loss of generality, assume that x — V\ and y = v 2 . 
When SnV(P 2 ) 7^ 0, say z = ui, the trees Tj = WiXUWiyUWiZ together with T n _ 4 = 
xzUyz and T n _ 3 = xu 2 Uu 2 v 3 Uzv 3 Uu 2 y form n — 3 pairwise internally disjoint trees 
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connecting S, where {wi, W2, ■ ■ ■ , Wn-5} = V(G)\{x, y, z, u 2 , v 3 }. When STlV^) = 

0, the trees T = WiX U wiy U WiZ together with T„_ 3 = xz U zy are n — 3 pairwise 
internally disjoint trees connecting S, where {wx, w 2 , ■ ■ ■ , W4} = V(G) \ {x, y, z, v 3 }. 

If |5'nl A (C3)| = 1, without loss of generality, assume x = V\. When |Sn^(P 2 )| = 
2, say y = U\ and z = u 2 , the trees T = w^x U Wiy U WiZ together with T n _ 4 = 
xz U v 2Z U f 2?/ and T n _3 = U ?/f 3 U zu 3 form n — 3 pairwise internally disjoint trees 
connecting S, where {w\, W2, ■ ■ ■ , Wn-5} = V(G)\{x, y, z, v 2 , v 3 }. When SnV(P2) = 

1, say Ui = y, the trees T = u>jX U Wiy U u>jZ together with T n _ 5 = xz U zy and 
T n _ 4 = xu 2 U ^2^2 U t>22/ U ^2-2 and T n _ 3 = xz U zt> 3 U t^y are n — 3 pairwise internally 
disjoint trees connecting S, where {wi, w 2 , ■ ■ ■ , w;„_ 6 } = V(G) \ {x, y, z, v 2 , v 3 , u 2 }. 
When \S fl ^(T 2 ) | = 0, the trees Tj = WiX U w-iy U u>jZ together with T n _ 4 = U zy 
and T n _3 = xy U yt>3 U 2^3 form n — 3 pairwise internally disjoint S-trees, where 
{tui, w 2 , • • • , Wn-5} = V(G) \ {x, y, z, v 2 , v 3 }. 

If S n V(C 3 ) = 0, when |S n V(P 2 )\ = or |S n V(P 2 )| = 2, the trees T = WjX U 
WtyUWiZ form n — 3 pairwise internally disjoint S'-trees, where {wi, w 2 , ■ ■ ■ , w n ^} = 
V(G) \ {x, y, z}. When S fl V(P 2 ) = 1, say U\ = x, the trees T = WiX U tf jy U u>jZ 
together with T n _3 = xz U zy form n — 3 pairwise internally disjoint S'-trees, where 
{w 1 ,w 2 , ••• , Wn-i) = V(G) \ {x, y, z, u 2 }. 

From the arguments above , we conclude that n(S) > n — 3 for S C V(G). Thus 
^(G) > n — 3. From this together with Theorem 1, it follows that k 3 (G) = n — 3. 

Case 3. K n [M] = P 4 . 

This case can be proved by an argument similar to Cases 1 and 2. □ 
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